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Study of Stochastic Differential Equations
by Constructive Methods. I.
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In this work we give an algorithm to express as a convergent series the stationary
averages for a class of gradient perturbations of a nonsymmetric (nongradient)
Ornstein—Uhlenbeck process. The method relies on a cluster expansion in time
of the Girsanov-Cameron-Martin formula for the density of the perturbed
measure with respect to the Ornstein~Uhlenbeck measure. In the second paper
of this series, the approach is extended to more general perturbations.
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1. INTRODUCTION

The developments of quantum field theory and statistical mechanics in the
last decades have introduced in probability theory new constructive
methods which are very effective not only in proving existence theorems,
but also in explicit calculations of quantities of interest. The new techni-
ques, however, have been applied only occasionally to traditional topics in
probability theory. One must also add that methods developed in connec-
tion with physical problems are often heavy and not very palatable to
mathematicians.

A subject in which a constructive point of view has proved to be very
useful is the theory of stochastic partial differential equations arising in
various areas of natural sciences. These equations are often too singular to
be approached by well-established general methods and require new ideas

! Dipartimento di Fisica, Universita di Roma La Sapienza, 00185 Rome and Centro Linceo
Interdisciplinare, 00165 Rome, Italy.

2CNRS-URP 14, Centre de Physique Théorique, Ecole Polytechnique, 91128 Palaiseau
Cedex, France.

1109

0022-4715/96/0600-1109809.50/0 € 1996 Plenum Publishing Corporation



1110 Jona-Lasinio and Sénéor

which are largely introduced on the basis of physical intuition. Renormal-
ization theory, for example, has been instrumental in proving the existence
of weak solutions for a class of reaction-diffusion equations in two space
dimensions perturbed by an additive white noise in time and space.!'

This is the first of a series of papers in which constructive methods
from field theory and statistical mechanics will be applied systematically to
the study of stochastic differential equations both ordinary and partial with
the aim of computing their asymptotic stationary properties.

The construction of the invariant measure or of the equilibrium corre-
lation functions for diffusion processes described by stochastic ordinary or
partial differential equations (SODE or SPDE) is in general a difficult
problem. In the case of SODE the invariant measure can be obtained in
principle by solving the stationary Fokker-Planck equation (Kolmogorov
forward equation), but in practice this is trivial for gradient systems with
constant diffusion, while no systematic method is known for more general
situations. For SPDE, the Fokker—Planck equation becomes a functional
equation and the situation is even worse. The stochastic quantization of
gauge theories, however, gives rise just to a problem of this kind.'*’

For the existence of stationary solutions one has general criteria like
the well-known Hasminski'®’ nonexplosion test. This, however, has two
drawbacks. On one hand it is nonconstructive, 1.e., it does not give any
algorithm to calculate the stationary solutions. Then, it requires that the
equations under study have strong solutions and this is seldom the case for
the most interesting SPDE.

One is therefore tempted to look for more direct approaches to this
important problem.

To explain our point of view let us consider as an example a system
in R”" of the form

dX,= —AX,dt+ G(X,) dt + dW, (1

where 4 is an nxn matrix and G a smooth, but in general unbounded
function of X.
Suppose we want to calculate an expectation

Ex(F(X7)) (2)
where X, is the initial condition and X is the solution at time T of (1). We
assume for the time being that (1) has strong solutions. Suppose now that

the linear part of (1), i.e.,, the process described by the equation

dY,= —AY,+dW, (3)
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is stable and tends to a stationary solution as ¢ — co. This is easily estab-
lished in term of the spectral properties of 4. We can rewrite (2) using
Girsanov theorem (see, e.g., ref. 4)

Ey (F(Y7) e 4)
where

T T
Er=] (G(Y),aW,) =1 [ 1G(Y,)|* ds (5)
0 0

Now, we ask the question: is it possible to study the large-time behavior
of (2) using the explicit form (4) in terms of the process Y,?

In this formulation our question recalls the problem of taking the
infinite-volume limit in constructive quantum field theory, for wich power-
ful tools have been developed.” '’

This is the first of two papers in which we will show how the idea of
cluster expansion can be applied to an expression like (4). This will yield
a convergent expansion, uniformly in 7, for a wide class of equations.

The main difficulty in adapting the field-theoretic techniques to an
expression like (4) comes from the stochastic integral in the exponent (5).
For this reason we shall consider first the simpler case in which

G=-VV (6)

so that the stochastic integral can be explicitly performed. Let us emphasize
that this choice of G does not imply that our system is gradient: in fact we
have not supposed 4 symmetric. In a subsequent paper we shall allow a
nongradient part in G, but we hall still require that the global stability be
ensured by a potential function V as in ref. 3.

Let us examine more closely the class of equations with G of the form
(6) that can hopefully be discussed within our approach.

The stochastic integral in (5) can be easily performed and we obtain

T T 5
Er= —(VYn) = V(Xo) + [ LIY,)ds—3 [ IVAY)IPds ()

where L is the generator of the process (3), that is,
LNY)=34,V—(AY,VV) (8)

Therefore in order that ¢ be bounded for any finite 7, it is sufficient to
have, VX, two positive constants ¢, and ¢, such that

MX)> —c¢, 9)
LV—3|VV|? =345 V—(4AX, V) =3 |[VV]* <c, (10)
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It is interesting to compare (10) with the condition that V be a stochastic
Lyapunov function for Eq. (1). This condition can be written

SAV—(AX, V) = |[VV]? <y — f(X) (11)

with >0 and limy, _ ., f{(X)=oo. This coincides with (10) if we take
f(X)=1%|VV|? when |VV|* diverges at infinity. However, in general (11)
and (10) do not have the same content.

It is interesting to remark that (9) is a condition independent of (10).
In fact (10) is compatible with potentials unbounded below, as the example
for Xe R,

V(X)= —slog(X+1) (12)

shows.

We conclude this introduction by emphasizing the nontriviality, as far
as the equilibrium measure is concerned, of the class of stochastic systems
considered in this paper. The invariant measure of the process (3) is given
by a Gaussian density

po=cexp[ — (X, M ~'X)] (13)
where M is a symmetric matrix satisfying
AM+MAT=1 (14)

One can be tempted to look for an invariant measure for the process (1)
of the form

p=popr=c'poexpl —2VX)] (15)

Using the Fokker—Planck equation, it is easy to see, however, that (15) can
be an invariant measure only if the orthogonality condition is satisfied,

VV.[(-M~"+24)X]=0 (16)

This implies that V¥ can be different from zero only on ker(24 — M ~!). So
V must be constant except on linear subspaces of lower dimensions. Since
we have assumed V at least twice differentiable, it must be constant
everywhere and therefore trivial.

The stationary measure corresponding to the process (3) is the
Gaussian measure generated by the covariance

O, — ;) e~ =DM 4 (1, — 1) Me—A"2=1) (17)
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This matrix is symmetrical in the exchange of ¢, and ¢, and the transposi-
tion of indices.

The heart of the method we propose is combinatorial and does not
depend on the system being gradient or not, finite dimensional or infinite
dimensional. Therefore we shall illustrate it in the simplest possible situa-
tion, that is, a one-dimensional stochastic differential equation for which
the answer is known in advance. At the end we shall indicate the obvious
steps to adapt the method to nontrivial cases.

2. THE MODEL AND RESULTS

We will develop our approach on a very simple one-dimensional
model, i.e., the random variable i/, is in R. We also choose 4 =1/2 and the
drift is a third-order polynomial. More explicitly, the stochastic equation is

. 1 A .
lpl":_itp/_z:'//?:'i_wl (18)

where W% =y?—6y?+3 and W =y -3y,
According to the Girsanov formula, one is interested in the limit when
T — oo of quantities like

E] =E,(F(¢1) e’ (19)

where F is typically a polynomial and

l T. 3. Az 4 o332
Ep= _EL e a’n_‘,—gJ.O (W) ds (20)
and ¢, is the one-dimensional Ornstein-Uhlenbeck process, that is the
solution of ¢, = — ¢, +w, with initial condition ¢,:
¢, =e "o+ [ e~ dhy (21)
Y0

We will prove the following theorems.

Theorem 1. Let ¢, be an arbitrary real number and F a polyno-
mial; then, for 1 small enough, independently of ¢, and F, the following is
true:

1. E;(F(¢,)e°") can be expressed as a convergent series uniformly
in T.
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2. The quantity

(F¢)) = lim Ey(F(¢r) €7

is expressed as a convergent series.
3. (F(¢)) does not depend on ¢,.

Let us consider n polynomials F,,.., F, and » times ¢,,.., ¢,, t;20,
i=1,..,n and let t=sup, t;,. Then we have the following result.

Theorem 2. For A small enough, independently of ¢,, there exists
a stationary measure p defined for arbitrary ¢;, i=1,.., n, by

fdp Fy(y,)---F ()= Th_l.nﬂ Ep(Fi(bryr) - Fodri,,) ™)

whose truncated correlations satisfy an exponential cluster property. The
decay time is smaller than 8. As in Theorem 1, the limit is expressed as a
convergent series and is independent of the initial condition.

Since the drift is a polynomial of variables lying in a one-dimensional
inner space, one can perform the stochastic integral, using the Ito formula,
and get

gj d:¢t: =1(¢? ;—:¢g:)=—5j T ds+j $ddw,  (22)
Therefore
AT
—ZL P2 ds—-—J (:¢2:)° ¢“ + pa: (23)

The expectation value of F(¢,)e* is taken with respect to a Gaussian
measure u . of mean ¢%=e~"/?¢, and covariance

C(t, s)=e—(l/2)|l—_\"|(1 _e—inf(l,.v)) (24)
To prove the theorems, we will define an expansion which shows that,

foral T, E ,{0 is uniformly bounded and satisfied the Cauchy convergence
criterion.
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Remark. As will be clear from the proofs, the above statements are
uniform in the initial condition ¢, as long as this varies in a compact. For
the special model equation under study one has exponential convergence in
time to the invariant measure uniformly for all values of ¢, due to the fast
growth of the drift at infinity. Our result therefore is not the strongest
possible for this case. The expansion, however, covers a wide variety of
equations for which such a strong uniformity in the initial condition is not
expected. The uniformity in F can be presumably extended to a much
larger class of functions.

3. THE EXPANSION

The expansion is a kind of cluster expansion defined in such a way
that one tries to decouple intervals of time containing the final time 7 from
the other time interval. In this way, one will have to estimate finite-time
expressions. The couplings to the whole time interval will be small because
of the smallness of the coupling constant.

The expansion will be constructed in such a way that the expressions
which are decoupled from the final time T are of the form E,ﬁo(ef') for some
time re [0, T]. Therefore, according to the Girsanov theorem, they are
equal to 1.

3.1. The Initial Step

To define the initial step one introduces an interpolating parameter s,
5,€[0, 1]. Define the characteristic functions

e (8)=x(s€]jk]) for k>j=1
1Y =x;(8)=x(se1j—1,j])
and
Xuy(s)=x(s€[0,k])
Thus, for example,
Xir8) =x7(8) + xir—1)(3)

Then we introduce the interpolating covariance

Cls )8, )= [xr(1) C(1, 8) xr(s)
+(1=x)0) Clt, s) (1 —xr)s)J(1 —s1) + C(L, 5) sy (25)
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and the interpolating “final” condition
¢“T(51)=¢‘;‘+(1‘31)¢;‘—1 (26)

Replacing in the measure the covariance C by C(s,) and in &, ¢3 by
¢%(s1), thus &7 by {7(s,), we obtain that E] becomes a function E] (s,)
of s,. Our starting expression is therefore E;(1).

The first step of the expansion is obtained by writing

' d
E;(1)=E;U(0)+j0 7o ER(s0dsi =LEL + D, E], (27)

where
LET =EZ(0) (28)

and
' d
D,E;,=f0 ——EL(s) ds, (29)
1

3.1.1. The Term [/,. Because of our choice of characteristic func-
tions, C(0) is a direct sum of two terms, yCy and (1 — x) C(1 — y). Thus the
measure factorizes,

dpe=dpyc, AU _pon -y
Correspondingly, one writes

fr=ér_r—1+ér—1

where
— AT chd. 2'27- 432 2’.4.
brroy= 3] dhds=T [ (alrds—Tuey:
_ AT 22 =t
cr_._—4jo 93 ds =% L (:63:)% ds
| )
-3 ‘;_l:+§:¢g:
A

I TR A_zT_l‘z‘z :
- 4[0 .¢.\,.d;.‘s—8£) (:63:)2 ds (30)
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Since gy _ 4y 1 — ) 1s an Ornstein-Uhlenbeck measure restricted to the time
interval [0, T— 1], one has

1 Ep(F(§7) €67) = Ey(€57-1) E( g ) €¥77-1)
= E,(F(¢7) e*"™) (31)
where the factorization arises from the support property of the charac-

teristic functions.
It is now easy to show that

Jim E,(Fér) et -1y = ES(F(4,) &) (32)

where E*' means the Gaussian expectation with respect to the stationary
covariance

Cs(t, s)=e =11 =512

and

4] ds—ij Bl g

Equation (32) is very interesting because the expectation is restricted to
trajectories over a finite time interval and the corrections arising from the
term D, are of order 1, as we show in the next subsection.

3.1.2. The Term D, The derivative of E (s,) gives

d d : dér .
J‘E,E';’(Sl) ds, =J. <KI dﬂas.)) F(¢r) e ds, +JF(¢T) Ejegrd#am ds,

—4,+B, (33)

3.1.3. The Term A, As is well known (see, for example, ref. 7).

d 1 d
Zdcw =3 [ dudo = Cls)(u,v) 5 ¢" y ¢ iy
and
dCl
diSI) (uy, v)=(1—=x)(uy) Cluy, v) x7(vy)
1

+xr(uy) Cluy, v)(1 —x7)(vy)

822/83/5-6-21
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which is symmetrical. Thus,

A1=J"‘JXT(UI) Cluy, v )(1 —x7)(vy)

0

X <F(¢r) —€5T> it cisy) duy dvy ds,
¢,

-2
=2 J‘”'J‘Xr(ul) Cluy, vy) 2;401(v1)
j=0

o S .
X5—¢:I<F(¢T)gfie$T> d'uC(-fl)dul dU] dsl
T-2
=2 A)) ”
j=0

We shall refer to [/, T'] as the support of 4,(j).
3.1.4. The Term B, We have

A
Bi=% [ Fpr) 45, e ducy, ds, (35)

In conclusion, the term D, is of order A uniformly in T (as will follow from
the ensuing discussion).

3.2. The Next Step

The expansion ends for the I; term. The 4, and the B, terms are
expanded further.

3.2.1. The Next Step of the Expansion for the A, Term.
The 4, term is a sum of terms A4,(), j=0,..., T— 2. We describe the expan-
sion for 4,(,) for some j,, 0 <j, < T— 1. As for the first step, we introduce
an interpolating parameter s, and define an interpolating covariance
C(s,, 57) which will help us to test to what extent the interval ]j,, T], the
support of A(j,), is connected by a covariance to its complementary set in
(0.7,

Clsyy 8208, 8) = [x7 () Cls )¢, 8) x7.4(8)
+ (1 —=x7,)(8) Cls )8, sY1 —x7 ;) )() (1 —s5)
+ C(s, {1, 5) 5, (36)
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We also introduce
751, 8:) =85+ (1 —5)95_, + (1 —Sz)¢;,

and therefore an interpolating £,(s,, 5,); A,(j,) is the value at s,=1 of
A{j))(s,) and we rewrite it as

Al(j1)=12A|(j1)+D2A|(jl)

3.2.2. The Term /,A,(j,). The I,A,(j,) term factorizes as

I,4,(j)) =JE¢u(e:j') E,;(P,y(9) gm0 g (37)
where
Pog) = [ 2rtw) Cluy, 0) gy 0n(0)
0 oly .
<§¢“l F(¢r) > 6;: €T du, dv,
+f"‘_[XT(“|)C(”lavl)ijl(Ul)F((bT)
5 5
and
éT(Sl,0)=éT,j|(Sla0)+éj|
with
A AT
Eralsn, 0= =2 [ gtids—% [ (4307 ds
n J1
2 4
*g(:‘ﬁr +(1—s)) ¢T 19)
A a A2 3.
Gi= =g ), s [ o
A A
—§:¢;§:+Z:¢g
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In the last step, we have used the fact that, in [0,/,], ¢, is an Ornstein—
Uhlenbeck process.
Thus by the Girsanov formula

LAWY = [ EgfPo#) ™) ds, (40)

3.2.3. The Term D,A,(j,). Thisis a sum of terms
A=l
D, A\(j)) = Z Al.z(jlsjz) (41)

22=0

where
Ay 2(j1.J2)

= J Al ey 529 {” duy dvs )1, () Cluz, v1)(s1)

)
XXj3+1(Uz)_5¢ MT[HduldulXT(ul)C(“l»vl)lj.+1(vl)
9 éT sT(-n H)>
s (Fon g2 e )| s, @

The interval [ j,, T] is called the support of 4, 5(j,, /).

3.2.4. The Next Step of the Expansion for the B, Term.
This term which resembles the initial term, with the function to evaluate
F(¢ ;) replaced by AF(¢) :¢%5_,:, is smaller than the initial term since it
has a A in front of it. We will consider it as a term with support [T—2, T].
Therefore we will apply to it the initial step of the expansion, with x,
replaced by x4 -, and

‘/57-(5“57)——‘]54 1—S|)¢4T (1 52)‘#}—3

The formulas are then the same as for 4,(7—2).

3.3. The Generic Step

At the end of the (k— 1)th step, one has an interpolated covariance
C(sy,.., Sx_1). At each step an s, is introduced and the corresponding
operation D, leads to a sum of terms labeled by an integer j, if we are deal-
ing with an 4 term, or to one term if it is a B. To simplify the notation,
we introduce D(j,), which stands for both 4 and B, with j,< Ji_, if A is
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chosen and j,=j,_,—1 if B is chosen. Thus, for a given term made
of D’s, to sy,..,5,_, is associated a multiple sum over j,,..,j,_, with
T>j,> - >jr

One now introduces the new parameter s,.

By definition,

C(8) s SE)(2, 8)
=27 e (1) C(Sy s Sk Wt 8) X7 (5)
F (1 =17 O TSy ey S ) W = 27 ()](] —5)
+ C(8)yeees Sk 1 N1, ) S (43)

and

FH(51 1 52) ¢4+z<1

with jo=T-—1.
One introduces this new dependence in the last nonfactorized term of
the expansion

Dk~1---D|E,£,=D,\__,...DlE‘Z)|J.k=O+JOI dsk-[%Dk_,..-D,Ego
=(I;+Dy)Dy_,---DE (44)
Formally, the expansion at the kth step has the form
E;=LE] +LDE; + - +I,Di_,---DEj +D,---D Ej (45)
where

IkD/‘._|"'D|E;;
l ! d d S
= '[0 dS‘l T J-O dsk—l ZS,: e 'KIJ‘d/uCl.ﬂ.....sk) F(¢T) esT(~|-~~~- A)lxk=0

= X Y LDi_iUk—n) - Dy EG, (46)

T>jj> - >jk-t D=AorB

The exponent, as far as the time interval [ j, _,, T'] is concerned, is, for a
given choice of j,,..., ji _,, reduced to
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) AT ﬁ T2
éT.jk—l('s]r"vsk—-])— 4 jk_l'¢.\"ds 8 J;‘k_l('¢s') ds
A’ 4
—§:¢T(s,,..‘, Sk_): (47)

which corresponds to a localization in y;, ., at the (k—l)th step. The
interval ]j,_,, 7] will be called the support of 7,D,_(ji_,)---
D\(j)E].

Remark that since each step localizes the support at least one unit
interval to the left, then j, _, <T—k.

Similarly,

DDy _,---D\ET

! v ood d
=, dse ] dnge o [ e F@ ) €10 (48)

ds,
with
g — }' T. 4. ’12 r Y]
R
;‘. 4 . )‘. 4.
_g'¢T(Sl""’sk—l)‘+§'¢0' (49)

Terms hke D, D, ,---D,E ¢Ta can be written as sums, over the localization
indices Jj, ... j,, with j,, <j; it m <1, of D,(j,) D, _\(j._1)---D\(j)) E}.
The expansion ends when yr , =y, i€, j, =0, that is, at most after
T steps.
We will show in the next section that for A small enough there exist
two constants K >0 and u <1 such that

|]kD/\._1"'D]E;;|<K‘[lk-l (50)

uniformly in T.

4. THE BOUNDS

Qur first task is the Wick bound, i.e., a bound on e°. After giving the
lemmas useful to bound the various terms produced by the expansion, we
obtain an estimate on the number of terms generated by the expansion and
finally prove the announced result.
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4.1. The Wick Bound

According to the form of the generic term of the expansion, we need
to bound e*™/. We are therefore looking at an upper bound for & ;- Since
this term is made of Wick polynomials, we use

¢d:> -6
and
k
:¢‘;'(Sla'--9 sk): > _6 [ 1 + Z (1 _sm):| > —6(k+ 1)
m=1
Thus

(,C'r.jkge(éz./S)(k—H)+(6)./4)(T—jk) (51)

where we used the positivity of (:¢*:)2

4.2. The Basic Lemmas

We first prove a simple lemma for Gaussian variables ¢, of mean 0
and covariance C such that

1

C(s, f)=C(f,S)<<X(W

We denote by -} the expectation with respect to this measure.

Lemma 1. Let Pyx), j=1,.,n be n polynomials and let
s;€ JIi)—1,4i)], Ki) being positive integers. Moreover, suppose
I(1y< --- <l(n), that is, the s; belong to nonoverlapping unit intervals;
then there exists a constant K such that

<ﬁP’(¢'“f)> < (NNYERY (52)
1

with N =sup, d°(P;), where d°(P;) is the degree of P;. The constant K
depends on «a, B, ¢, and a =sup; |a;|, the a; being the coefficients of the
polynomial P;(x).

Proof. We give the proof for monomials; thus P,(x)=x" and
N =sup;n;.
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Since the measure is Gaussian, the expression is different from 0 only
if 3;n, is even, ie, 2L =31, In this case

(f1#3)=3e

where the sum runs over all distinct partitions of {s,,.., $;, S2..ey S350
Spses Sq}» §; appearing n; times, into L pairs, and d, is the product of the
L covariances whose endpoints are the two elements of each pair (in field
theory language, this is nothing else than the Wick theorem, which says
that the Gaussian integration of a product of fields is the sum over all
possible products of expectations of pairs of fields).

To get our result we use the method of combinatorial factors, ie., we
introduce, for all I, strictly positive numbers ¢, and apply the bound

Zd,s(Zc,_')sup c,d, (53)
I 1 !

Obviously, to be interesting, this bound requires that the combinatorial
factors ¢, have something to do with the behavior of d, with respect to the
partition. This point will be illustrated in the sequel. Clearly this formula
applies also in the case the partitions run over denumerable sets, provided

Yerl<oo (54)

I

The following remark, which is part of the power of the method, will be
used extensively:

If the sum over the indices I can be rearranged in terms of two sums
over sets of indices I, and I,, I=1,u I, (for example, corresponding to
conditional labeling), so that

ya=3 (3 )

n hh

then the combinatorial factor ¢, related to the sum over I can be written
as a product of combinatorial factors ¢, = ¢/, c,, related to each of the sums.

Since ¥, c; ' <o and the estimate of the r.h.s. of (53) is independent
of the scale of c,, we can replace ¢, by ¢; ¥, c; ' and decide from now on
that the combinatorial factors are such that

Yer'sl
I
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We now explain how, in the case of the lemma, one can define the
combinatorial factors ¢,;. We will do it in a constructive way.

A way to understand the rules of Gaussian calculus is by doing
integration by part with respect to the Gaussian measure:

GF0) = [ o () a (55)

where F is some polynomial functional of the variables ¢,,. In this formula
two variables ¢, and ¢, have been replaced by a covariance C(s, t). Thus
what remains is F with one variable ¢, less, a fact which is mathematically
described by the functional derivative of F with respect to ¢,. We will say
that ¢, has contracted to ¢, or equivalently that ¢, has contracted to ¢,,
since the covariance is a symmetrical function of the endpoints. Remark
that when F is a polynomial, repeated applications of formula (55) lead to
a computation of the expectation value in term of products of covariances.
This is the method we will use now to give a bound on the left-hand side
of formula (52).

The contraction process, i.e., picking a variable, then associating to it
any other variable and replacing these two variables by their covariance,
repeated up to the complete exhaustion of variables, is an explicit way of
describing the result. Obviously the result is independent of the choice of
the initial variables. This means that one can choose the order in which to
pick the first variable in each pair of contracted variables. This order will
be the order of increasing times and we will start from one of the n,
variables localized at s,; then when all the n, variables have been con-
tracted, we choose one of the n, variables, which now can only contract to
variables localized at s; with j > 2, and so on. Therefore with this choice of
rule for performing the contractions, a set [ is described inductively as
follows (Fig.1): given one of the variables ¢, , s,€]{(1)—1, [1)], set
iy=1I(1) and choose the time interval [ j, — 1, j,] in which the variable lies
which will be contracted with ¢, . Since j, > i,, j, =/(z(1)) for some integer
1 <7(1) <n; then choose which one of the n,,, variables ¢, will be con-
tracted [if (1) =1, there remain only n, — 1 variables to be chosen]. This
will be the first contraction. Take then another variable localized in ]i, — 1,
i,] [i»=1K2) either if n,=1 or if n, =2 and (1) =1; i, =/1) otherwise]
and repeat the procedure; if there are no more variables in J/1)—1, /(1)],
then take a variable in ]/(2)—1, /(2)] and do as before,.... Generically, if
the initial variable is in ]7,,— 1, i,,], it can contract to any variable in one
of the intervals Ji{p)—1, Up)],.., Jdn)—1, In)], with p such that
i p)=i,, and once the interval has been chosen, say /(z(m)), p <t(m)<n,
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Fig. 1. The contraction procedure.

there are at most #,,,, variables to choose. This means that fixing a set [
is equivalent to choosing j,, j, =1i,, then j,, j» = 1I,,.., where

{01y 1), H2) ety H2),eoey [0y K1)} =y s i} Oy sen L}

i.e., fixing the pairings of the unit time intervals linked by contraction and
then choosing in each contraction process which variable in a given unit
time interval is effectively contracted. We call I, the set of all pairings
{(i1,J1)s (ig,72)}. Then I, being fixed, we have to sum over all possible
choices of variables in Jz(1)—1, 7(1)]...,] ©(L)—1, ©(L)]. We call I, the
sets of indices labeling these choices.

Thus

<H ¢'§,’> =Y.d;=3 <Z Clso1ys San) - CASqry,s Sr(L))> (56)
I h

I

where

{Sat1ys Set1)reems Satrns Sery} = {81eees Spaen S,}

and s, € iy, — 1,01, Sqiy€ 1jx— 1, ] for k=1,.., L.

It results that the combinatorial factor for the sum over 7 is given by
the product of two combinatorial factors, one is ¢, and is related to fixing
the time intervals, say ¥..,). j.. = {(z(m)), in which lies the mth contracted
variable, m =1...,, L, and the other one is ¢,, and is related to which one of
the n,,, variables will be contracted.

We choose

cl| =Kl(£)L H(l + ljm_iml)l *e

m

where K,(¢) is such that

L
Z l—[(1+|jm_im|)—“+“= H < z (1+|jm_im|)—“+s)>gKl(g)L

o m me=1 N\j, =i,
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Moreover, ¢, = N%, since, I, being fixed,
I 1

L
Y 1< ] nyw SNE
I

m=1
Thus we can take

CI=KI(8)LNLH(1+|jm ml)l+£ (57)

m

Now, since

1+ﬂ >l+e
C(S ieys Soppy) S| —————
e e e

<H ¢”’> = Z d,<sup Cllclld’
I

.0

)l+c

(1+|jl‘” ”1
<(NaK,)
* S“pl,j,<1+/f|jm PRTEE

<(NOLK,K2)L (58)
where K, =K (¢) (1 + $)' ** and K,=max(2, §~')' *¢, since

1 + []I” I‘H|
—<max(2 B
1 +ﬁ |jlll I”

Thus, since 2L < nN, one gets the result for monomials

<H ‘/’> (NV'ZK)" (59)

with K= («K,K,)*?. From this bound, if the monomials are replaced by
polynomials, the inequality of the lemma follows easily by considering that
the number of monomials in each P; is bounded by N+ 1.

We will uge intensively in the sequel a straightforward extension of the
above bound. The bound is still true if one replaces everywhere

sz g =11 s, (60)

r=1

with s, € Ji(k)—1, I(k)], for k=1,....
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Remark. The bound of the lemma shows the characteristic N!'
behavior expected from the contractions of N variables located in the same
time interval.

We now prove another lemma, which makes the dependence of the
bound on the local number of variables more precise. Under the same
conditions as in Lemma 1, one has the following.

Lemma 2. The following condition holds:
<H¢IIII>SH(’II')]/2K" (61)
1 J

Proof. The proof is identical as the proof of Lemma 1 except for the
combinatorial factors associated with the choice of variables at a given site.

We order the variables decreasingly according to n;. Thus, let j(1),..., j(n)
be a reordering of the first n integers such that n;,, =n,) - Zny,,.
Then we start the contractions with the variables labeled j(1), then with the
variables labeled f(2),... A variable ¢,,, can contract to another variable
®jmy- Since the number of such variables is at most ny,,, one can take
n,, as combinatorial factor. Now because of the ordering, we can use
Ry < (1,02 (j,)'7 to replace the initial combinatorial factor by a
more symmetrical one: the square root of the product of the number of
contracting variables by the number of contracted variables of the required
type. Repeating this analysis for the other contractions, we get as a com-
binatorial factor, instead of N™? [];n?”%. Then, using the fact that
p"? < Crp!'”, one gets the announced bound with some new K inde-
pendent of the number of variables.

This type of lemma can be found, for example, in ref. 10, Chapter 2, §3.
We have given an independent proof to make the paper as self-contained

as possible.

4.3. Bound of a Generic Term of the Expansion

A generic term of the expansion is of the form I,\,D,\._l---D,E(;j,

which is in turn a sum of terms. Since the expectation i linear in F, one has,
prior to any expansion, at most d°F + 1 contributions corresponding to the
different monomials appearing in F. The other sums, those generated by
the expansion, are either related to the choice of the time localizations of
the D’s, i.e., of a sequence of supports indexed by j,> --- >j,_,, or to the
choice to be made among identical objects.

Let us first treat this last case. Since D = A4 + B, there are 2* ' distinct
ways to write an ordered sequence of k — | products of 4 or B. This num-
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ber is the combinatorial factor. The 4 terms are made of derivatives. Each
derivative can act either on the exponent or on already produced terms,
ie., it gives rise to two sets of terms. This gives a combinatorial factor 2 per
derivative. Since the terms to derive, new ones or already derived ones, are
local polynomials of degree at most p' =d°F if F is differentiated or p=6
for the other case, we have, per functional derivative, a corresponding com-
binatorial factor p' or p x p = p°. In the latter case one p is to choose which
monomial is derived and the other one to choose which variable is derived
(the monomials are at most of degree p). This gives, per step, ie., two
derivatives, a final combinatorial factor K, = (2p?)? except if it is F which
is hit by one of the derivatives, in which case one has to replace K, by
K, =4p'p> We then have to estimate sums over the time localizations of
products of monomials.

The sum over time localizations is a relevant question only for the A4
terms, since the B terms generate localized variables. For an A term one is
led, say, as the mth step, to derive variables at a time u,, contained in a
known time interval [, _,, 7], the support at the (m—1)th step, and
variables at a time v,, contained in its complementary set in [0, T]. To
define inductively the steps of the expansion, it is necessary to fix the unit
time interval in which [ j,,, j,, + 1] is localized v,,, the 4 term being written
as a sum over j,, such that 0<j, <j,,_,. The new support at step m is
then defined as [ j,,, T ] (Fig. 2). To make the bounds on the various terms
of the expansion easier, it will also be convenient to restrict the integration
of the time u,, to unit time intervals [i,,, 7, + 1], with i,>j,, _,. This
means that each 4 term is now the sum of expressions labeled by pairs of
numbers {(i\,j)ses (ips jm)sr} Where i, 2j,>j,, >0, [=1,...k—1, and
iy=T—1. We will have to sum over all allowed values of these pairs of
variables, a task that will be done easily because, by the way the expansion
is defined, there are decreasing propagators connecting the unit time inter-
vals defined by each pair of variables.

Remark that if at the mth step a B term is chosen, then there is no
summation over i,, and j,,=j,_,—1

An expression like I, D, _,---DE l{u can be written, with an obvious
generalization of the notation introduced in Section 3.3,

LD,_,--D\EL =Y . Y LDi \(ix_1.jx ) Dii\,)) E],

i1 k-1 Jk—1

Each time D,, is an 4 term, it contributes to the r.h.s. of the above equality
a covariance C(u,,, v,,) times a polynomial in ¢, and a polynomial in ¢, ,
which are functional derivatives of £ or F or of their derivatives; each time

D,, is a B term, it contributes by :¢7 :.
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Fig. 2. The supports and the locations of the endpoints of the covariances for the first three
steps.

Each element of the r.hs. of the above equality can be written as the
expectation of ¢°7 times the product of polynomials of ¢, and ¢,,
(monomials from functional derivatives of ¢, or F) for u,,€[i,,i,+1)
and v, €[/, jm+1], 1<m<k—1, times the product of covariances
C(u,,, v,,) or B terms.

Thus

LDy sl —yoji—r) -+ Dytiy. ) EL
< Cp(K  K3)% =V sup FET X CTRY I Py P |
{ Py

where
Cr=(d°F+ 1K) F K,

K} the supremum of the coefficients of F, while X, is the supremum of the
coefficients of . Now, Iy p\ (1, jy,s ix_ 12 ji ;) is generically of the form

Tipy iy Jron T 1o i)

= f (iﬂ(‘ C’:r {Jf H P,-((ﬁ,\-,) H 5( : ) I_[ C(”nr‘ U,,,) Xj,“-# I(um)

"

X Xi,,, + I(Um) dum ‘ivm} (62)

where:

e P, are some monomials obtained from functional derivatives of F
or £ (one of the P is a monomial from F or from its functional derivatives)
whose arguments are variables x, localized at elements of J,_,=
{uy, vy iy vy, s X €.
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o The J-functions have arguments which identify two variables of J, _,
(this arises from multiple functional derivatives acting on the same local
monomial of the variable, 1.e., u,, can be identical with v,, _,,u,, _,..., vy, u,).

e The product over covariances runs over all the values of m corre-
sponding to the choice of a 4 term.

This means that the time integrations in (62) can be reduced using the
delta functions to a subset of distinct # and v variables (the B term being
omitted since does not carry integrations). Moreover, since at the end we
will apply Lemma 1, we can regroup all monomials (of degree less than 6,
since & is at most of degree 6, except for one of them related to F) whose
variables are localized in the same unit time interval.

Since some of the integration intervals may coincide, we rewrite {62)
as

'[d;tc {f JH Clu,,, v, lZ[ R,dx,dx,--- } e

m l=jr1+1

where R, is the product of all the monomials P, such that the times x, are
localized in ]/—1,/]. We set d°R,=n,. Since there are at most 2(k—1)
functional derivatives and since the polynomials in ¢, are at most of degree
6, one has the bound

Y n,<10(k— 1)+ d°F< 10k + d°F
!

the last term of the rhs. resulting from the fact that one of the P
monomials comes from F or its functional derivatives.

One then applies the Schwarz lemma with respect to the Ornstein—
Uhlenbeck measure to separate [] R, from the exponential. The term
containing the exponential will be estimated using the Wick bound; the
other term is then no more than a Gaussian expectation of a product of
monomials of variables ¢.. To stick more to the usual Gaussian calculus,
let us write them

b, =doe ™"+ ¢, (63)

where ¢, is a Gaussian variable of mean 0 and covariance C(s, 1).

To simplify our further discussion, we will do the estimate as if all
variables, say in R,, are localized at the same time s,, /— 1 <s,</ There-
fore we are led to estimate expressions like

I= <f dit ¢ U ¢f,"’> "
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with the above conventions. Then, using (63) and Lemma 2, we have

g, — (2 sig fpr [ T 72
I=( [ duc TT4{X gge=mrsmgs
1 Uy P

1/2
< 2(2/111) ( sup H ¢g/e—(l/2)x/(// I d/“Cl—[ f/)

P11 P2 42, ] !
2

1/

< (ZK)(Zlnn < sup H ng‘e‘“/z“”” n (P/!)m) (64)
P1.G1. P2 G2 ] 1

where the supremum is taken over all positive integers p,, ¢,, p2,... Such

that p,+ ¢,=2n,, I=1,.., and the last bound results from the application of

Lemma 2 using the fact that for any ¢ >0 (we can choose here e=1)

1

—ls—1/2 _ _
s, )<e \C(s)(l+%|s—t|)'“

for some C(¢) > 0.
A special role will be played by the covariances explicitly appearing in
formula (62). We factorize each of these propagators into four parts

Cs,t)=C(s—t)=K(s—1)* (65)

Obviously K(s—t) e~ s 18,

We will use these four parts to get rid of the factorials, to control the
Wick bound, to sum over all localization choices, and finally to exhibit an
overall exponential decrease in the length of the support of the expansion
term.

We first show how to get rid of the factorials produced by an
accumulation of functional derivatives in a given unit time interval. In such
a time interval, the accumulation of variables can arise from repeated
derivation of the exponential. This occurs each time D is an A4 term, that
is, when the measure is derived and one of the functional derivatives acts
on the exponential. But then by construction the other functional
derivative is localized further and further from the given time interval, since
each time there is a new step the support moves at least one step to the left.
We then use the decrease of the covariance linking two localizations to
control the factorials. More precisely, if there are n, variables in the time
interval [i—1, ] and », is a large number, this means one can associate to
this time interval a fraction of the decrease of the covariances obtained by
derivation of the measure

[1 Clu,—vp)

a.fel;
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where
Li={a,flu,e[i—1,i],v5e[0,i—1]}

Since each derivative acting on the exponential can produce at most
monomials of degree 5 and since there can be, by construction, only one
time v in each unit time interval, the smallest value that can take
SUDP, e, [Us— g is bigger than [#,/5] — 1. Thus, using (65), provided n, is
large enough, we have

] D511 : ,- |
s 4w (22

n?
< K;exp <— 1060> (66)

with K independent of #;.

We will use this estimate for two tasks. One, as announced, is to get
rid of the factorials and the second is to get rid of the dependence with
respect to the initial condition ¢,.

To get rid of the factorials we use the fact that for any g >0, there
exists K, = K,(¢) such that

(1,1)7 e =120 < K (67)

One thus sees that in the bound of I(p(i\, jis ik—15Jk~1), the local
factorials can be replaced by powers.

We want to control the ¢, dependence in the bound (64).

If ¢, <1, then there is no dependence. Suppose therefore that ¢, > 1
and set T=1log ¢,. Then, for /> T, ¢oe~*/><1. Thus the only contribu-
tions to estimate are those coming from /< T. Using the fact that ¢,<n,,
we will take account of half of the bound (66) and estimate

1‘[ ¢g:e—(I/Z)smle—(q,z/looo) (68)
1T

Let us fix 3, . 7¢9,= Q and compute the maximum of this expression. It is
reached for

g=500 =542

<~ 42— 500s,

822/83/5-6-22
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where 4=73, 71 is the sum over the / such that g,#0 and 1 <4< T if at
least one ¢,# 0. It is then easy to show that (68) is bounded by an expres-
sion of the form

ea+bQ—('Q1 < e(l+1bl/4(') — K(T)

a, b, and ¢ are T dependent® and ¢ = 1/(20004) > 0. Thus the contribution
due to ¢, can be bounded uniformly, for all terms of the expansion, by
K(T) = Ks(¢y).

Therefore

k
l_[ K(um' vm)z 1<K§K5(2KK4)ZHI<K7K2

n =1

with Kg=(2KK,)'* and K, =K K3(2KK,)*"*.
We now show how to get an exponential decrease in the length of the
support of I. It is easy to show, using the fact that for u,e ]i;,i;+ 1] and

vieljnji+1],
luy— v, Zi—j,—1
that

k-1
l—I ()—l"l—l'll/s <g—(l/8D(T—j1+ +ik_|)‘,(kfl)/8 S(’_(T—jk_”/sf(k_”/g

1=1

We will use this result twice, first to control the Wick bound and second
to make explicit an overall exponential decrease in the support.

Moreover, since either in an 4 or in a B term there is at least one
functional derivative acting on the exponential, at least one new coupling
constant A can be explicitly factorized.

We will now show how, using one-quarter of each propagator, we can
sum over all the possible time localizations.

The derivative with respect to s, at the /th step gives rise to two sums
over time localizations. One is related to the choice of a unit time interval
[4,, i;+ 1], containing u,, in the set ]j,_,, T]. and the other to the choice
of a unit time interval [ j,, j,+ 1], containing v,, in {0, j,_,]. Since by con-
struction j,_, is between u,; and v,

lug—v | =lu,—joy |+ oy =v < li—ji oo L+ - = Jil

3 Since 3 5, and ¥ 57 are functions of T.
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Thus
Ko, —u)<K(ji_y—J) Kli;—j, 1)

and we can use the fact that

Y K(n)<Kjg

n=0
for some constant Ky, to sum over the localizations of 4, and of v,, with
Ji—, being fixed.

Therefore to perform the sums we start, using the above procedure,
from the end, doing first the sums over the localizations of the derivatives
with respect to s,_,, then from the sums resulting from s, _,, and so on,
up to s,.

We finally end up, for £ =2, with

]/\-Dk~l DIE;;
</1k_lCFK7K§K’1‘._IK§_l Z z HK(“"" Om)

v k- 1adk—1 m
x e—lT—jk-[ |/se(k— 1 )/8(,(6)./81(k+ D)+ 644N T — ji_1)

<A TICRK KT KEKLTIRE !

(k—1 1/86(6)./8)(1\'4- 1) e~ | T —je—1 |/Se(6}./4)( T—jg-1)

xe sup

Jk—1

<Kkt (69)

if 124 <1, p =K, K,KcKge*” and K= Cp K K,e**>.

Remark that only K, is ¢, dependent. Therefore the constraint on the
smallness of A does not depend on ¢,.

We can obviously extend this bound to include the case k=1, with K
now such that [\ E] | <K.

Thus we have proved that provided that g <1, ie., 2 is small enough,
A< Ao,

|E¢0(F(¢T) e*T)| <

(70)
b —u

with K= K(¢,) finite for ¢, finite.

5. PROOF OF THEOREM 1

The expansion defined in the previous section and the bound (70)
prove the first assertion of Theorem 1. We will now show that from this we
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obtain the existence in a weak sense of an invariant measure and that this
measure is insensitive to the initial conditions.

5.1. Existence of the Limit as a Convergent Expansion

To prove the second assertion of Theorem 1, we will show that /.=
E,(F(¢7) e°T) satisfies the Cauchy criterion, ie., that for any given ¢ >0,
there exists N such that for T, T' = N,

[Ir—1Ir|<e

Thus let us suppose that 7> T'. We then perform the expansions for both
I and I and compare each term of I with the corresponding term, if it
exists, of I..

Let us look in detail at the first terms. Explicitly

Ex(F(g7) €7 = [ ditc Fgr)

AT AT 5 A
X exp <_‘_1L—1 p2: a’s—-8—L_l (:¢2:)? ds—§:¢§-:>

where the integration is over the Gaussian variable ¢, (see eq. (63)) of
mean 0 and covariance C. Let us now set s=7—1 + u, then

b= PG+ YT (72)

with Y'T7'=¢,_,,, and ¢.r_,, =e 7~ ""p,. The interest of this change
of variables comes from the fact that the covariance of v,

l//(T) (T) C(T—1+u, T_1+D)=e—|u—vl/2(1_e—(T—I)e—InF(u,vb)

converges to the translation-invariant equilibrium Gaussian covariance
when T — + 0.

Since in formula (71) all variables depend on times between T and
T—1, u is restricted to the interval [0, 1]. In particular, the exponent can
be rewritten as

P ;" ! 2
UPir_1) = —ZJO 3(9_“/'(15(7_ n+ l//(,,r))“Z du

A2l )
— ]t R ) du

B
Ay
8

(e="Ppr_1y+ Y™ (73)
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Thus the T dependence of E,(F(¢)e™7-') appears through the initial
value of the variable ¢ +_, and the propagator. We can therefore write the
difference

E¢0(F(¢T) exp(&rr_1)) _E¢0(F(¢T') exp(&r. 1)) =1(T, T")

using the fondamental formula of calculus, as the integral of the derivative
of an interpolating formula obtained by replacing the initial condition by

() =(e” T Pr e T 21 —1)) ¢y (74)
and the covariance C by
Cr(u, U) =e—|u—-v|/2(l _(e—(T—l)T+e—(T’—l)(l —T)) e—lnl'(u,l'))

Defining

I () = [ duc, Fle™"P(0) + ) e*™ (75)

one has
U d
ry — (1) ,
I(T, T JO _d‘L'IT‘T(T) dr (76)

The derivative d/dt acts on ¢(z), ie., on functions of ¢, F, or the exponent
and on the measure. The result is a sum of two terms: the product of a
derivative of ¢(t) times the expectation value of some polynomial of ¢ and
the derivative of the measure,

decr”(e_‘T'_l’—e_‘T_”)e_'"—”'/z

9 -1 i)
5W,,5l// Fle7 " g(t)+ ) e du dv

Setting as before log ¢, =T and supposing that 7 and T’ are large
enough such that

inf(T, T')> 16T (77)

let us look at the first contribution. Since

%«ﬁ(r) =~ Pofe T —e TP
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and
[pole =T — e~ T'R)| L o~ (1NONRART.T)
one has
‘d¢(f) e~ e~ 116N T.T")
dt

from which it follows that the first contribution is bounded by

d

‘4 < e~ (TMINT.T) J SO P((1)) dit
dr '

190.(7)

where the polynomial P(¢(t)) is given by
P(g(r))=e""PF (e~ P(r) + 1))

+ Fle™"2g() + 1)) {—A [ e e ) 49,0

3%

- e (e PP(r) + )% e T PP(T) + ¢,) % du
0

_%e—l/l :(€_|/Z¢(T)+l//])3:}

We can estimate this last term using the result of the previous section. The
dependence with respect to the initial condition of this estimate can be
removed by using the fact that, from condition (77),

()l <1

Similarly, the second contribution is bounded by |¢e =T~V —¢~(T—1)
times some uniformly bounded in 7 and T’ expectation (according to the
first assertion of Theorem 1), i.e., a constant times

e—(7/4)1nf(7‘.7")
This shows that
lim I1(T, T)=0

7.7’y — +

and that

Hm Eu(Figr) )= [ duc, F(@,) e
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where ¢, is a Gaussian variable of mean 0 and covariance the translation-
invariant equilibrium Gaussian covariance.

Let us suppose now that T>T'. To deal with a generic term, we
follow the analysis done for the first term. Let us suppose first that at the
kth step of the expansion one has a term with support 7— j, _, for I with
Jk1=2T—T" and T' —j, _, for I'- such that T’ —j;,_,=T—j,_,. Then,
it is easy to convince oneself that these terms can be written as sums of
elementary localized products of monomials corresponding to the same
action of the derivatives and localized in unprimed and primed indices
whose difference for the same labeling is T— 7'. To compare these same
elementary terms we perform a change of variable by setting s=/,_,+u
and s’ = j, _, + u in, respectively, the unprimed and the primed expression.
The difference between these two expressions is then related to the dif-
ference between the initial conditions. An interpolating initial condition is
given by

(1) = (e H-1—e~Ti-1) gyt + e i1y

We have formulas identical to (75) and (76). The derivative with respect to
7 produces two effects: first, an overall factor corresponding to the
derivative of ¢(z) which is bounded by

dg(z)
dt

< |gole ™! — e i) (78)

and second, contributions to the functional derivative from the chain rule

d dg(t) o

dr dr oy,

Obviously, one has for these terms, before we perform the sums over the
localization indices (i,,/,,..), the same bounds as given in Section 4.3.
Combining the overall decrease in the support, which was not used in the
proof of the uniform estimate, with (78), one gets

dg(t)

dr

e—(T—fk—ll/S <K9 |¢0| e—T’/8=K9(|¢o| e—inf(T.T')/16) e—inl‘(T,T’)/léo

< ng—inﬂ 7.77)/16

In the case j,_, < T— T, the difference reduces to the terms in the expan-

sion of I. But these terms, by the nature of the expansion, get a decrease
in e T—i-18 < o=TN8
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Thus, collecting all results, we obtain for the difference an overall
uniform bound in

o —nf(T.T")/16

Finally, this shows that there exists a constant K, independent of A,
A< Ay, and ¢, such that

|IT_]T’| <K10e—lnl'(T,T‘)/l6

provided (77) is satisfied. This is the announced bound with
g=K,ge T T,

5.2. Insensitivity to the Initial Condition

The third part of the theorem is proven in the same way by showing
that

N d STy —
TBTEI E (F(¢r)e")=0

The insensitivity to the initial conditions then follows if we can interchange
the limit with the derivative. It is trivial to see that this is possible for ¢,
in a compact.

Performing the derivative, we obtain

d . ) .
— E,(F(¢7) ey =e " TPE, (F'(¢ 1) eT)
do

dé+ .
+Ey, (F(cbr)) dffe") (79)
0

We can apply the expansion for the expectation in the first term. This
shows that

Tli_.m E¢0(F’(¢T) E:T)

is bounded uniformly in 7. Thus, because of the exponential factor, the first
term of the r.h.s. of (79) vanishes as T — + o0.

We now look at the second term. We will then perform the expansion
of Section4 on this expression, but introducing the dependence with
respect to the interpolating parameters also in the derived &
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&,
Ew (P05 e ) 5)

= £y (Fon) (=2 et as

3},2 T —5/2 2 }' — 2
==, e ‘/':¢§::¢;:ds—§e 23

A > A .
—(1 —31)56_(7_”/' :¢;_l:+§:¢3:>egm)>

Thus
IE,m(F(qS ffeﬂ)
0
d dr ¢
=I.E¢0<F(¢T 52(;0 ‘ ~T>+1 E¢0< F(¢7) f{; > (80)
0

We claim that the first term of the r.h.s. of (80) is exponentially small and

that the second one vanishes.
Because of the support properties, we have

e ) o )

and it is easy to see that, performing the change of variables (72), this
expression is bounded by, because of the factor ¢~*? or ¢~ 77 in the

derivative of &,

d. ) ] i
1, Ey, <F(¢r) —é;;TTO’—IE“T’T") <Ky e~ T2 K e T2

with K|, independent of T.
The second term factorizes as

déT—l eér-|>

déT i oo Srr-1
<(¢T) dé, > E¢0(F(¢T)e )E¢0< by

but

acr_, . d d
e
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There remains a D, term to which we apply the next step of the
expansion. We consider the 4 term. Thus

d .
AlEd'u <F(¢T) T€$T>

dey
T-1 T—1 .
= Z A(jy+1)= Z '[0 _[d'uf(-\'l)_[C(““Ul)xjwl(“l))(r(vl)
a=0 j1=0
9 9 s+ (s)) ..
X%é(/}ﬂ <F(¢T) é(;;zl)esﬂ.\l)> a'u, dU] [{Sl (81)

We introduce the s, dependence as in Section4 in &,(s,) and in

dc (s,)/dg,.

Then its contribution to

dé+ .
IleE,/.., (F(¢T) QTC’“')
is given by
LA+

1
=L Id#C(.V|) J Clu,, vy} k) xr(oy)

s2=0

5 5 déT(Sl’ S3) e
— — 1 F A i R S PN A I )]
x§¢m 5¢., ( (é7) dbe e >a’ul dv, ds, |

1
=L jd/‘a.mf Clug, v1) xpbun) xrlvy)

(5 6 dér‘jl(sl,()) )
YT A Tt o) ,
" 0¢., 0., (F( T dgo e >du| dv, ds,
1
+J;) {J d/—lcv(.\*ll J C(Hl, Ul)zjl(ul)XT(vl)

0 0 :
XEWL, (F(¢,) e-Tn) du, dvl}

X {'[d/‘a.\-,)f Clu,, Ul)Xj,(“l)XT(Ul)

) <déj1

3¢, dp,

X — e Y du, dv, } ds
54)u| 5¢v1 > : l} l
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The first term on the r.h.s. can be estimated by the method of Section 4.
Taking account of the extra exponential factor due to the derivative with
respect to ¢,, we get a bound of the form (for suitable K and x)

Kue 12— (T=I08 Ko = T8 —31/8

We thus get an extra factor ¢~ 7/%. There is a similar bound for the B term.
The second term is identically 0 since the second factor in the product
is a derivative of the identity.
These results can be extended for a general term of the kth order
showing that

dé, . )

E, | F

’/'u( (¢T) d¢0 €

is bounded by a convergent sum times ¢~ 7%, Thus when T — oo this con-
tribution vanishes. This ends the proof of the theorem.

6. PROOF OF THEOREM 2

6.1. Existence of the Measure

The existence of the limit

lim Ey(Fi(§r. )+ Fidre,) )

is proved in the same way one prove the existence of the limit for a single-
time expectation. Remark that this limit, if it exists, is the same as

m Eu(Fl¢r_grn) Fldr _op,) e )

T =

for any finite « This show that the limit of the expectation of correlation
functions is translation invariant.

The proof follows essentially the steps developed in Sections 4 and 5.1,
except that the initial interval is no longer [T—1,T], but [T, T+1¢], i.e.,
we first write the initial expression as a uniformly in 7 convergent expan-
sion and then show the existence of the limit by a three-¢ argument.

The existence of the limiting measure can be proved by different
methods. One possible method is to show that for any function in L* with
support in [0, t], for some ¢ >0, there exists the characteristic function

E,, <exp {i Jf(s —T) ¢, a’s} CXP(fr))
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6.2. Exponential Clustering

The exponential clustering follows also from the same analysis. We
will prove this result for the expectation of two variables. Let us consider,
with £, =1, +1,

1y, 1) = Tl'_fn/ Eu(Fi@ry,) Foldr,,)eTsn)
=L im Ey(Fi(drs) e*’“'l)][rlijr; Eyp(Fa($7,0) €57+1)]
(82)
We rewrite this expression as

Ity 1;) = lim {E¢II(FI(¢T+/|) Fz(‘/)T-Hg) C":T“')
T— x

—E,(Fil¢ri) "§7-+")[Tl,i_1?11 E,(Fy¢7 ) e‘:r“')]} (83)

and apply the expansion of Section 4 to all the 7-dependent terms of the
r.hs. of formula (83). The term I,1(¢,, 1) is then given by

I0(1y, 12)= Hm {E(F\(§r.,) €070 Ey(Foldr, ) e70071)]
T —
_[ hm E’/’()(Fl((/)T+l|)C’&THI‘TH‘_')]
Tox

X [T]l_r.n_, E¢1)(F2(¢T'+Iz) E:T'HZ)] (84)

Because of the Markov property, we have
Ey(Fo(¢r, ) ey =E,(Fo(¢r, ) e’7+2)
and because individually each term has a limit, one gets that
I I(t,,1,)=0
Let us consider now the second term of the expansion,

LD I(t), t,)= lim {I,D E;(F\($r,,) Fodry,) €T+

T— >
— LD Ey(F\(dr,,) e T+n)
x[T;im_ Eu(Fo{¢r o) e )]} (85)

Each I, D, gives a sum of contribution labeled by some index j,.
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If j, =2 T+1t,, then

12D1E¢0(F1(¢T+/1) F2(¢T+'z) e*:T*‘l)
=D\ Ey(Fi(¢rsr) esTen) Ey(Fo(drsis) eo)

Thus again, because of the Markov property, the contributions indexed by
J; to (85) vanish when T — 0.

When j, <T+1¢,, then each contribution from I,D, gives an extra
factor

e (T—i8 e — /8

Repeating this type of argument shows that
(1, 1) < Ke~ti—n8

We have thus proved our assertion.

7. NONGRADIENT SYSTEMS AND MORE GENERAL
POTENTIAL FUNCTIONS

All the calculations and results of the previous sections can be trivially
extended with obvious changes to the case when the stochastic variables X
are finite-dimensional vectors and the matrix A is nonsymmetric but has
spectrum ¢ whose real part is strictly positive. In this case, the covariance
C given by (17) satisfies the inequality

IC(z,, 15} < Const | M]| exp(—min R, |1, —15]) (86)

where ||-| is an operator norm in the space of the vector variable X and
Ro; is the real part of the eigenvalue o,. All the estimates go through with
minor changes.

The expansion and the results have been given for pedagogical reasons
for one-dimensional systems with a polynomial drift. The reason for the
choice of polynomial drifts comes from the fact that when working with
SPDE, ie., the random variables are now ¢ (x), indexed by a space param-
eter xe R", n=1, 2,..., unbounded functions like polynomials are a good
prototype of the main difficulties one will encounter. In analogy with
quantum field theories, arbitrary polynomials are allowed for n=0 and 1,
Wick-ordered polynomials for n=2, and very special polynomials for
n=3, since one has to face nontrivial renormalization problems in this
case.



1146 Jona-Lasinio and Sénéor

For SODE, from the nature of the expansion, it is easy to see that the
proof extends to local potentials V{(¢,) where V is a C, function whose
derivatives satisfy bound like

VOB <K ¢ VreZ*

where K is a constant and « and f are some positive integers independent
of r. Such a bound will not destroy the convergence, because the expecta-
tion of the monomials will produce an (r!)? giving rise to a local (r!)**7,
which in turn can be controlled like the usual local factorials (see Sec-
tion 4.3).

All the previous arguments hold in case the initial condition ¢, is
averaged with respect to a Gaussian-like probability measure, ie., a
measure v(¢h,) such that for all n

[ 1601 dvt o) < Cn

where C and « are positive constants.

8. REMARKS ON THE STRUCTURE OF THE EXPANSION FOR
THE STATIONARY MEASURE

We wish to emphasize that the construction of the invariant measure
via the cluster expansion is a subtle process. This can be well illustrated in
the case of the one-dimensional model considered in the previous section.
Take the first term of the expansion given by Eq. (32),

ESY(F(¢$,) e™)

and suppose we want to evaluate it by making an expansion in A. To first
order we have

A A ! R
ES‘(F(</),))—%ES‘(F((/5,) $3:) ~37 ES <F(¢l) fo P ds> +O0(4%) (87)

Let us take F(¢)=:¢4" to have a nonzero contribution at this order. Then
to order 1 we obtain

ES‘(F(qS,)e*:'):—g4![l+1(l——e_2)]+0(22) (88)
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On the other hand, calculating to the same order with the invariant
measure f,,, one has

2 :
[[dtinntd) F#) = 241+ 0(22) (89)

One sees that the first two terms of the Girsanov exponent cooperate to
give almost the right coefficient. This means that the defect must be com-
pensated by other terms of the cluster expansion. Terms of order A appear
only in 4, and B, so that the compensating term will come from
I,(A, + B,). This can be verified by direct calculation.

In the nongradient case, when the matrix 4 in Eq.(3) is nonsym-
metric, the two terms of the Girsanov exponent appearing in (87) will have
a very different structure. The first one depends only on M, while the
second one depends explicitly on A.

It is instructive to give their expression for a simple system. Let us take
V of the form

Vo) =3 Y 4% (90)

i=1

where
)= —6M ] +3M;, (91)

To order A, we have from the first term of the cluster expansion, taking
F(¢)=:¢?: to have a nonzero contribution at this order,

b le !
_gEs(; ?I:Z:ﬁ,:)—;zES(;(p;‘,:f ds ;¢.,._\.A;_¢;s;>
k =ik

0

i ) !
=—§4!ZM;§\_—54!2f ds Cy(1,5) Cil1,9) 4% (92)
k

c k0
where
Cik(laS)=(€7,l(l_.‘.)M)ik (93)

For a generic A there is no simple connection between the two terms
appearing in (92).

We now consider a different aspect which is relevant in concrete
calculations. If we examine the first terms of the expansion
ILE+I,A4,+1,B,, we notice that /| E and I, B, involve averages over tra-
jectories defined on finite time intervals, while 7,4, has been decomposed
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into an infinite sum of terms involving unit intervals separated by increas-
ing times. The contributions from distant intervals, however, decrease
exponentially due to the decay of the Ornstein-Uhlenbeck covariance,
which provides the relevant relaxation time scale. This is interesting
because if we compute these contributions with the help of numerical
simulation, we have a precise criterion to decide its duration on the basis
of the accuracy we desire. This argument of course applies also to higher
order terms in the cluster expansion.

We conclude by citing two very recent papers where cluster expansion
ideas are used in the study of time evolutions, of which we became aware
after the completion of the present work.‘'1%
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